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Abstract

We study entire solutions to homogeneous reaction—diffusion equations in
several dimensions with Fisher—KPP reactions. Any entire solution 0 < u < 1
is known to satisfy

t lim sup u(t,x) =0 for each ¢ < 2+/f7(0),
T xl<elt]
and we consider here those satisfying
lim sup u(t,x) =0 for some ¢ > 2+/f(0).
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When f is C? and concave, our main result provides an almost complete
characterization of transition fronts as well as transition solutions with
bounded width within this class of solutions.
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1. Introduction

In this paper we study entire solutions of reaction—diffusion equations
— d
u = Au—+f(u) onR x RY, (1.0

with Fisher-KPP reaction functions f € C'*7([0,1]) for some v > 0. Specifically, we also
assume that

fO)=f)=0.  fO0)=1  0<f(u) <uon(0,1). (1.2)

We note that a simple scaling argument extends our results to the general Fisher—KPP case

fO)=f1)=0,  f(0)>0.  0<f(u) <f(0)uon(0.1).

The study of (1.1) was started 80 years ago by Kolmogorov et al [13] and Fisher [6] in one
dimension d = 1, while here we consider entire solutions u : R¥*! — [0, 1] for any d > 1.
These model the propagation of reactive processes such as forest fires, nuclear reactions in stars,
or population dynamics. The value u = 0 represents the unburned (or minimal-temperature
or zero-population-density) state, while u = 1 represents the burned (or maximal-temperature
or maximal-population-density) state. Fisher—KPP reactions possess the ‘hair-trigger effect’,
meaning that for any solution 0 < u < 1 except u = 0, the asymptotically stable state u = 1
will invade the whole spatial domain R? as  — oo (while the state u = 0 is unstable). In fact,
we have [1]

lim inf wu(t,x) =1 for each ¢ < 2. (1.3)

t—00 |x|<Lct
This immediately implies that except when u = 1, we also have

t_l)lr_n(><> ‘xs‘;lgt‘ u(t,x) =0 for each ¢ < 2. (1.4)
Note that the strong maximum principle and 0 < u < 1 imply that 0 < u < 1 whenever
u % 0,1, and we will assume this from now on.

In their pioneering work [10], Hamel and Nadirashvili provided a partial characterization
of such solutions of (1.1). Under the additional hypotheses of f € C?([0, 1]), f being concave,
and f'(1) < 0, they identified all solutions u : R¥*! — (0, 1) which also satisfy (see (1.4))

r_l}{rloo |xslg)lt| u(t,x) =0 for some ¢ > 2 (1.5)
(we will call these Hamel-Nadirashvili solutions). They showed that these solutions are natu-
rally parametrized by all finite positive Borel measures supported inside the open unit ball
in R (see remark 1 after theorem 1.2 below). One of us later showed [27] that this infinite-
dimensional manifold of solutions, parametrized by Borel measures, also exists without the
additional hypotheses from [10] (see theorem 1.2), although it is not yet known whether other
solutions satisfying (1.5) can exist in this case.
It follows from (1.3) and (1.4) that all entire solutions 0 < u < 1 for Fisher—KPP reactions
satisfy
lim u(t,x) =0 and lim u(t,x) =1 (1.6)

——00 —00
locally uniformly. Our goal here is to study the nature of this transition from O to 1. Aerial
footage of forest fires usually shows relatively narrow lines of fire separating burned and
unburned areas, and we investigate the question of which entire solutions also have this prop-
erty. More specifically, we investigate which are transition fronts, defined by Berestycki and
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Hamel in [2, 3] (and earlier in some special situations by Matano [15] and Shen [21]); and
more generally, which are transition solutions with bounded width, defined by one of us in
[30]. Let us now state these definitions.

For any u as above, t € R, and € € [0, 1] let

Qu,e(l) = {x S Rd : u(t,x) > 6},
Q, (1) == {xe R u(t,x) < e},
and for any E C R? and L > 0 let

BL(E) := | J BL(x),

x€E

with the convention By (() = 0.
Definition 1.1. Let 0 < u < 1 be an entire solution to (1.1).

(i) u is a transition solution if it satisfies (1.6) locally uniformly.
(ii) u has bounded width if for each € € (0, §) there is L. < oo such that

Que(t) CBL (Q1-e(1)) for each r € R. (1.7)

(iii) u is a transition front if it has bounded width, for each € € (0, 1) there is L. < co such
that

Q1 (t) € B (2, (1) foreach t € R, (1.8)

and there are n, L such that for any ¢ € R, there is a union I'; of at most n rotated con-
tinuous graphs in R¢ which satisfy

01 /2(t) € Br(Iy).

Remarks.

1. When f is Fisher—KPP, then all entire solutions 0 < u < 1 are transition solutions (this is
not true for more general f).

2. A rotated continuous graph in R? is a rotation of the graph of some continuous function
h: R¥! — R (which is a subset of RY).

3. The original definition of transition fronts in [2, 3] was slightly different from (iii), but the
two are equivalent [30].

4. In one dimension d = 1 the set I'; in (iii) is just a collection of at most n points. The
special case n = 1 of transition fronts with a single interface is of particular interest and
has recently been studied extensively for various types of reaction (see, e.g. [3, 5, 9, 11,
12, 14, 16-29]). These are entire solutions 0 < u < 1 satisfying

xilznoo u(t,x+x) =1 and xl;rélo u(t,x+x)=0 (1.9
uniformly in # € R, where x, := max{x € R : u(t,x) = %} (or with 0 and 1 exchanged in
(1.9)). They were introduced as a generalization of the concept of travelling fronts, solu-
tions of the form u(z, x) = U(x — ct) for some decreasing front profile U : R — (0, 1) with
limg—, o U(s) = l and lim,_, », U(s) = 0, and some front speed c. (It is well known that
for (1.1) with a Fisher—KPP reaction, these exist if and only if ¢ > 24/f"(0).) Travelling
fronts, which were already studied in [6, 13], only exist for homogeneous reactions, and
transition fronts are their natural generalization that can exist in both homogeneous and
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heterogeneous (i.e. x-dependent) media. We discuss recent results concerning transition
fronts for homogeneous reactions below.

5. Solutions satisfying (1.7) and (1.8) but not necessarily the closeness-to-graphs condition
are said to have doubly bounded width [30]. Our main result (theorem 1.3) and its proof
remain unchanged when ‘transition fronts’ are replaced by ‘transition solutions with
doubly bounded width’.

It is easily seen that a transition solution u is a transition front if and only if the Hausdorff
distance of any two level sets {x € R? : u(t,x) = €} of u stays bounded uniformly in time, and
the level set {x € R : u(t,x) = 1} (then also any other) is at each time uniformly close to a
uniformly bounded number of time-dependent rotated continuous graphs. In contrast, u is a
transition solution with bounded width if and only if the Hausdorff distance of any two super-
level sets €, () of u stays bounded uniformly in time.

This distinction results in some notable differences. For instance, transition fronts (and
transition solutions with doubly bounded width) satisfy

xlgné{u(t,x) =0 and xsgﬂg u(t,x) =1 (1.10)
for each ¢ € R, while transition solutions with bounded width only satisfy the second claim
in (1.10). Also, transition solutions with bounded width in dimensions d > 2 may involve
dynamics where the invading state u = 1 first encircles large regions where u ~ 0 (with their
sizes unbounded as t — o0) and then invades them. On the other hand, such solutions cannot
be transition fronts (or have doubly bounded width) because, for instance, at some time ¢ there
will be a point x with u(z,x) = % near the centre of such a region but points y with u(z,y) = %
will all lie outside of this region (and, thus, far away from x). Because this phenomenon does
occur for various heterogeneous reactions (e.g. for stationary ergodic reactions with short-
range correlations), preventing the existence of transition fronts in these settings, it is impor-
tant to study both these classes of solutions to (1.1). We refer to [30] for a more detailed
discussion of the relevant issues.

Coming back to the homogeneous equation (1.1) with a Fisher—KPP reaction f, the first
systematic study of its entire solutions was undertaken in [9, 10] under some additional condi-
tions on f. We will use here the following closely related result from [27], which concerns the
main object of our study—the Hamel-Nadirashvili solutions to (1.1) — and holds for general
Fisher—KPP reactions. In order to state it, first recall that if p is a positive Borel measure on
RY, its support supp(y) is the minimal closed set A such that p(A¢) = 0, while its essential
support is any Borel set A such that (A) = p(R?) and u(A’) < u(A) whenever A’ C A and
A\ A’ has positive Lebesgue measure. The collection of all essential supports of p will be
denoted by ess supp(u). Following [27], we then define the convex hull of p to be

ch(p) := ﬂ ch(A),
Acess supp(p)

where ch(A) is the convex hull of the set A. Note that we may have ch(y) ¢ esssupp(u)
[27]. Finally, let B, denote the open ball B,(0) C R? with radius r and centred at 0, and let
S§d-1.— OB;.

Theorem 1.2 ([27]). Assume that f € C'T7([0, 1)) for some v > 0 and satisfies (1.2), let i1
be a finite positive non-zero Borel measure on R? with supp(u) C By, and let

0, (1,x) = /B e & HIEF D gy 6). (1.11)

930



Nonlinearity 32 (2019) 927 A Alwan et al

(i) There is an increasing function h:[0,00] — [0,1) with h(0) =0, h'(0) =1 and
lim,_, o h(v) = 1, and an entire solution u,, of (1.1) such that (u,), > 0 and

h(v,) < u, < min{v,, 1}. (1.12)

In addition, u,, # u, whenever i # ',
(ii) We have
xlenngd u,(t,x) =0 and ngﬂg u,(t,x) =1 (1.13)
Soreacht € R if and only if 0 & ch(p).
(iii) If O & supp(p), then u,, has bounded width.

Remarks.

1. If also f € C*([0,1]) and it is concave, then [10, theorem 1.2] shows that the solutions
from (i) are precisely those entire solutions 0 < u < 1 satisfying (1.5). We note that for
such f, [10] also constructs entire solutions corresponding to some measures supported
in B; but not in By (which then do not satisfy (1.5)), namely those whose restriction to
§4=1is a finite sum of Dirac masses’.

2. Note that the functions e ~¢*+ €+ and v, from (1.11) solve the linearization
v, =Av+v
of (1.1) at u = 0. Moreover, if we denote cj¢| := [£] + ‘?1‘ for £ # 0, then
e ExH(E P+ — o—Extlglegt — o—E(—rere)

So this is an exponential that moves with speed c|¢| in the direction é
3. (ii) and (1.10) show that O ¢ ch(u) is a necessary condition for u,, to be a transition front.
4. This result, and thus also theorem 1.3 below, holds for f satisfying (1.2) which is
only Lipschitz, as long as f(u) > g(u) on [0,1] for some g€ C'([0,1]) such that
g(0)=g(1) =0, g'(0) =1, g(u) >0 and g'(u) <1 on (0,1), and [, ““£du < oo
[27]. We note that if £ € C'*7(]0,1]) satisfies (1.2), then there exists such function g
with g(u) = u — Cu'*" for some C and all small u > 0.

We now turn to our main result, an almost complete characterization of transition fronts
as well as transition solutions with bounded width within the class of the solutions from
theorem 1.2. Recall that if f € C*([0, 1]) is concave and f’(1) < 0, then this class coincides
with the class of Hamel-Nadirashvili solutions. In one dimension d = 1 and under these extra
hypotheses, a complete characterization of transition fronts among all the solutions from was
recently obtained by Hamel and Rossi [12]. (These solutions are then parametrized by finite
positive non-zero Borel measures 4 on the interval [—1, 1] = By, or on (—2,2)¢ U {oo} after
the transformation & — (1 + |¢|~2)¢& mentioned above.) They proved that the solution u,, is
a transition front if and only if supp(u) C [—1,0) or supp(u) C (0, 1]. In several dimensions,
this task is considerably more challenging because the geometry of B is more complicated
there. In fact, we are not aware of any relevant previous results for Fisher—KPP reactions.
We note that transition fronts and transition solutions with bounded width for ignition and
bistable reactions satisfying very mild hypotheses were proved to increase in time [3, 30], and

5In fact, the measures in [10] are supported in BS U {oo} but the map & — (1 + |¢|~2)¢ establishes the relevant
correspondence between B and B U {o0}.

931



Nonlinearity 32 (2019) 927 A Alwan et al

examples of transition fronts for homogeneous bistable reactions that are not travelling fronts
were recently constructed in [8].
For ¢ € §4~!'and a € [0, 1], let

Waei={xeR 1 x-( > alx|},

which is a closed cone with axis ¢ when o > 0, while W) ¢ is the closed half-space with inner
normal ¢. We will also call an upright cone

W, = Wa,ed = {x S Rd TXg = a|x|}. (114)

Theorem 1.3. Let f, u,u, be as in theorem 1.2.
(i) If there are ¢ € =" and o > O such that
0 ¢ supp(p) € Wac, (H1)

then u,, is a transition front (and hence also a transition solution with bounded width).
(ii) If there are € S*~" and o > 0 such that

0 € supp(u) € Wac, (H2)

then u,, is not a transition solution with bounded width (and hence also not a transition
front).
(iii) If

supp(i) € Wy foreach ¢ € 77, (H3)
then u,, is a transition solution with bounded width but not a transition front.

Notice that the only cases of measures from theorem 1.2 not covered by this result are
those supported in some half-space Wy ¢ but not in any cone W, ¢ with o > 0. We can still
say something in this case: if 0 ¢ supp(y), then theorem 1.2(iii) shows that u,, is a transition
solution with bounded width, and we also conjecture that u,, is not a transition front. However,
if 0 € supp(y), then determining whether u,, is a transition front and/or a transition solution
with bounded width will likely be a very delicate question.

We prove the three parts of theorem 1.3 in the following three sections, leaving some tech-
nical lemmas for the appendix.

2. Proof of theorem 1.3(i)
We may assume without loss of generality that ( = e, so that the cone W, ¢ = W, is upright.
Then (H1) implies there is § > 0 such that

supp(p) € Wa NA(6, 1), 2.1)
with A(ry,72) := B,, \ B, an annulus. In particular,

inf{x; : x € supp(u)} = ad > 0.

Let us first show that u,, has bounded width (recall that each u,, is a transition solution). This
followsimmediately from theorem 1.2 but our argument will also be useful in the proof that u,, isa
transition front. Let € € (0, 3)and x € Q,, ((f), and define s := (ad) "' In(h~'(1 —€)/e) = 0
and x; := x — sey. Here h is the p-dependent function from theorem 1.2(i) (and we note that
h='(v) > v). From (2.1) we have
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U#(l‘,xs) _ /B es(£~e41)e—£.x+(|§|2+1)t d,Uz(f) > esaé/B e_g.x+(\5‘2+1)t d,u({“),
1 1

so the definition of s and (1.12) yield

h(1 - €)vu(t,x) > h=1(1 —¢)

LX) = h7 1 —e).
B B "‘u(tx) ( €)

Ou(t, x) >

From (1.12) we now have x; € Q,, 1-¢(t), so (1.7) with u = u,, holds for each € R and
L. := s+ 1. Hence u,, is a transition solution with bounded width.
The verification of (1.8) for u,, is analogous. If € € (O, %) and x € O

! _(1), then the
oo
above argument for x; := x + se; yields

v, (1 xg) < ﬁvu(t,x) < mh—l(uu(t,x)) <e

From (1.12) we now have x, € Q, (¢), so (1.8) with u = u,, holds for each r € R and
L =L .

Finally, the last claim in definition 1.1(iii) is satisfied with I'; := {x € R? : v, (t,x) = 1
(which is a graph of a function of (xj,...,xs_1) because supp(p) € W, NA(S, 1) implies
(vu)x, < 0) and any L > Ly /). Indeed, if u,,(¢,x) = 1, then x € a1 oy (0, s0 (1.12)
and the above arguments show that v,,(,x) > 1 as well as

1 1
vu(t,x—i-Lh(l/g)ed) < ! (uu(t,x—&—Lh(l/z)ed)) <h ! (h <2)> = 7

Hence there is [ € [0, Ly /2)} such that x + le; € I';, and it follows that u,, is indeed a trans-
ition front.

3. Proof of theorem 1.3(ii)

We again assume without loss of generality that { = ey, so the cone W, ¢ = W,, is upright,
and let & be the p-dependent function from theorem 1.2(i). We will now show that the width
of the transition zone of #,, becomes unbounded as ¢ — oo, violating definition 1.1(ii). Thus,
u,, is neither a transition solution with bounded width nor a transition front.

First consider the case u({0}) > 0 and let 7y := In(2x({0})). Then from the Lebesgue
dominated convergence theorem, we have

1
lim v, (—tg,x) = p({0})e™™ = = (< v, (—to, x) for all x € RY)

Xq—> 00 2

locally uniformly in (xi,...,x;—1). This and theorem 1.2(i) show that there is M < oo such
that u,,(—1,x) € [h(%), %] whenever xg > M. Thus Lyin (172,174} from (1.7) with u = u,,
cannot be finite and we are done.

Let us now assume ({0}) =0, and fix any ¢ € (0, }) such that #~'(e) < ;. For each
t € R,let X(¢) = (0,...,0,s) be such that v, (¢, X(¢)) = h~'(e). This point is unique because
supp(p) € Wa and p({0}) = 0 imply (v,.), <O.

Fix any 6 € (0, 1) and let &' € (0, &) be such that c5 > %c(;. For instance, ' = %‘; works.
Next let
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01 (t,x)

/ e_g-x+|5|"\§‘tdﬂ(£)’

A(S,1)

vy (t, x) Z:/ 675.x+\§\6|§\fdu(f)’
Bs

or(r) = [ et aug)
B

5/
so that v, = v; + v,. Note also that (v;),, < 0for j =1,2,3.
Letnow r, := 2¢cstand Y(¢) = (0,...,0,r,). Then from c|¢ being decreasing in [¢| € (0, 1],
we obtain for any £ € W, NA(4,1) and ¢ > 0,

=& Y(t) + [Elcjet < —|€|(ar; — c5t) < —dest < —t.

On the other hand, for £ € W, N B and ¢t > 0 we obtain

=& Y(0) + [Elegt > [€l(eart —r1) > @%L

From these, u([Ws N Bs/] \ {0}) > 0, and the Lebesgue dominated convergence theorem it
follows that
lim v;(£,Y(r)) =0 and lim v3(8, Y (1)) = 0.

t—0o0 1—00

Therefore s; > r, and lim, o, v; (7, X(7)) = 0. But then from v, = v; + vy, |Vv;| < Vv,
|Vvs| < Vdbv,, and v,,(1,X(1)) < 1 it follows that
1
lim sup v,(6,X(1)+y) < 5

—00
YEB —1/25—1 105

Then since v, (1, X(r)) = h~'(¢), applying theorem 1.2(i) shows that u,,(#, X()) > € and

lim sup u (6, X(t) +y) <

—0o0 yEB

N =

a—1/25—11n2

This shows that L. from (1.7) with u = u,, must satisfy L. > d~'/26~"In2. Since § > 0 was
arbitrary, such L. < oo cannot exist and we are done.

4. Proof of theorem 1.3(iii)

Throughout this section, int(E) and E denote the interior and boundary of a set E C RY. We
split the proof into two parts.

4.1. Proof that u,, is not a transition front
This follows immediately from theorem 1.2(ii) and the following result.
Proposition 4.1. If i satisfies (H3), then 0 € ch(p).

The proof of proposition 4.1 uses several results from convex analysis:

Lemma 4.2 (Section 9, chapter 6, theorem 3 in [4]). Let S C RY be a nonempty
compact set. Then 0 & ch(S) if and only if there exists a ¢ € S*~! such that S C int(Wy ¢).
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Lemma 4.3 (Theorem A, in [7]). If S C R? and x € int(ch(S)), then there is S* C S
such that card(S*) < 2d and x € int(ch(S*)).

Finally, we need a technical result concerning the stability of the convex hull of a finite set
of points, which we prove in the appendix.

Proposition 4.4. [fS* = {x,....x} C R? and 0 € int(ch(S*)), then there is € > 0 such
that for all y; € Be(x;), we have 0 € ch({y1,...,yx}).

Proof of proposition 4.1. By (H3), supp(x) Z int(Wy,¢) for any ¢ € S~ 1. Since supp (1)
is compact, lemma 4.2 implies that 0 € ch(supp(u)). We cannot have 0 € 9(ch(supp(u))) be-
cause then the convexity of ch(supp(u)) would imply the existence of a supporting hyperplane
H of ch(supp(u)) such that 0 € H (and then H = OW) ¢ for some ¢ € $¢~1). This implies
that supp(u) C ch(supp(p)) € Wo,, yielding a contradiction. Therefore 0 € int(supp(s)),
and lemma 4.3 shows that there exist k < 2d points {xy,...,x} C supp(p) such that

0 € int(ch({x,...,x})).
By proposition 4.4, there is € > 0 such that 0 € ch({y;,y2,...,yx}) whenever y; € B.(x;)
for each i=1,...,k. Since any A € esssupp(u) satisfies ANB.(x;) # 0 for each

i=1,...,k (because x; € supp(u) and so p(Bc(x;)) > 0), it follows that O € ch(A). There-
fore, 0 € ch(p). [ ]

4.2. Proof that u,, is a transition solution with bounded width

Let us start with some preliminary lemmas. Note that we obviously have “(W&C) > 0 for any
¢ e s,
Lemma 4.5. [f i satisfies (H3), then
= inf p(Wg5.) > 0.
a = inf 1(Wee)

Proof. Ifa* = 0, then there is a sequence {¢,} C 7" with (W) < 27" for each n. By
compactness of $%~1, after passing to a sub-sequence we can assume that ¢, — ¢ € $~!. But

Whe € [NUnie
j=1n=j
then yields (W ;) = 0, a contradiction with (H3). [ ]
For N > 1, let

Zy ={C €S u(Cye) >0},
where for ¢ € §77! we let

Cr¢ = intWy-1_ NAN"',1)).

Lemma 4.6. If u satisfies (H3), then Zy = S~ for some N > 1.
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Proof. Note that Zy is open in §%~! for each N > 1 because we have Cy¢ C |J;2, Cny,
whenever ¢, — C. Since obviously Zy € Zy1foreach N, it follows that {Zg } 52, is adecreas-

ing sequence of compact sets. If none of these is empty, then there exists ¢ € 97!\ Une: Zn,
which contradicts W - = Uy~ Cn.c and u(W) > 0. [ |

From this, similarly to lemma 4.5, we obtain the following.
Lemma 4.7. [If u satisfies (H3) and N is from lemma 4.6, then

b*:= inf pu(Cyc)>0.
Cel?d—"u( %9,

From now on, we fix N from lemma 4.6 and b* from lemma 4.7 (both depending on 1). We
will now prove (1.7) for u,,, first considering all large negative ¢.

Lemma 4.8. If p satisfies (H3) and € € (O,%), then there are K,T >0 such that

u,(t,x) > 1 — e whenever t < —T and |x| > K|t|.

Proof. Let K:=3N? and T := lnhill()# (it suffices to consider € >0 such that

1 — € > h(b*)). Since for any x € R? \ {0} we obviously have

1
inf (_5. x) > —,
EGCN,.’(M*] |‘x‘ N

for any t < —T and x € R? with |x| > K|t| we obtain
vu(t,x) — / e*§~x+(\§|2+l)t dﬂ(f)
B,

Lo
C

Nox|x|—!
=
e(KN 2)‘t|N(CN,x|x\")
elb*

(1 —e).

WV

ARV}

Theorem 1.2(i) now finishes the proof. [ |

Lemma 4.9. If y satisfies (H3) and € € (0,1), then the following holds for any a > 0.
There are T,, 8, > 0 such that if (t,x) € (—oo, —T,] x RY and u,,(t,x) < 1 — €, then

/ =& HUEP ! 44(¢) < a.
Bs,

Proof. We can assume without loss of generality that a < u(By). Let K, T be from lemma
4.8 and define

a
T, := max T,l—i—ln},
{ 1(B1)
1 [
bgi=—=|1— —— 0.
K T, =
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Since T, > T, lemma 4.8 shows that for any (¢, x) as above, we must have |x| < K|#]. We also
have 6,K — 1 < 0, hence for any t < —T, we find

a
0K —1)]t| < (0,K — 1T, <In ———.
(3K — 1)l < (8K = DT, < In s

It follows that for (7, x) as above we obtain

/ e_f'x+(|§|2+l)tdu(f) < / eéaK|t\+t d,u(f) < e(éaK—l)|t|M(Bl) <a,
B(ya

Bs,

and the proof is finished. [ |
We can now prove (1.7) for u = u,,.

Proposition 4.10. If u satisfies (H3) and € € (0, %) then there is L. < oo such that for
eacht € R,

Quu,e(t) c BLE (QHH.I—G(I))‘

Proof. Forany ¢ € §47!, let

€]

Yoi= {fEBlsz?z}:Wl/z,wBl.

Let also a := £|Y¢||Bi|~" (note that |Y,|is independent of ¢) and let &,, T, be from lemma 4.9.
We will first consider times ¢ < —T,. Fix any such ¢ and let x be such that u, (1, x) > e
Since v,,(t,x) > u,(t,x) > €, there must be € §9=1 such that

/ oIS 4y (6) > 24
e

(otherwise integrate the opposite inequality in ¢ € S?~! and get a contradiction). If
u,(t,x) < 1 — ¢, then lemma 4.9 shows that

_¢. 2 _£. 2 s 2
/ e—Ex+(€F+1r gy (g 2/ £t (el +1>rdﬂ(§),/ e ExHEP+ gy g
YeNA(84,1) Ye Bs,

>2a—a=a,

hence for L := (% In hil(alfs) > 0 (recall that h(a) < a < § < 1 — €) we have
Oultx— L7C) = / e S (keI ap(¢)
B,

> / eLZ(£~C)e—§'x+(|£|2+1)t du(€)
YeNA(S,.1)
>ele /2 = p71(1 — ).
So either u,,(t,x) > 1 —eorv,(t,x — L7 () > 1 — e. If we now choose L. > L_, from theo-

rem 1.2(i) we obtain the claim for all t < —T,.
Let us now consider ¢ > —T,. For each ¢ € $?~! we obviously have

937



Nonlinearity 32 (2019) 927 A Alwan et al

1
s
§é%£,c( £¢) >

Then for each s > L} := N? ()ln w

+ 2Ta> and r > —T, we have

5¢ — SNT2— SN72— * —
0u(t,5¢) = / e & udp(€) > e () Z e bt > (1 - o).
Cn¢

Theorem 1.2(i) then yields u,,(t,s() > 1 — e forall { € §4=1s > L¥, and t > —T,. Hence
BLL;F c Qu“,lfe(t)

for all # > —T,, and the result follows with L. := max{L_, Lj . [ |

Since each u,, is a transition solution it follows that u,, is indeed a transition solution with
bounded width.
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Appendix

In this appendix, we prove proposition 4.4. The proof uses two auxiliary lemmas:

LemmaA.1. If0 € int(ch({x1,...,x})), then there are ¢; > 0 such that
k
Z CiXj = 0.
i=1

Proof. There obviously are a; > 0 with Zf‘: (a; =1 such that Zle aix; = 0. Since
0 € int(ch({xi,...,x¢})), there is § > O such that we have —dx; € ch({xi,...,x}) for each
i. Thus, each —dx; may be written as a convex combination —dx; = ZJI.;] byx;, with b;; > 0
and Z,l;l bijj = 1. Then

k k k
0= Zaix,- —1—26)@ + Z—éxi
l=k1 i=1 . zjl
= Z(tl,’ + (5)x,~ =+ Z Zbijxj
i=1 i=1 j=1

k k
= Z(d,’ + (5 =+ iji)x,’.
i=1 j=1
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Hence we can take ¢; := a; +6 + Zj’.‘zl bj > 0. |

Lemma A.2. [f0 € int(ch({xi,...,x})) then for any r > 0 there is € > 0 such that any
p € B, can be written as

k
p= E aix;, where |a;| < r.
i=1

Proof. There is 0 > 0 such that Bs C ch({x1,...,x¢}). Then each z € Bs can be written as
7= Zle bix;, where b; > 0 and Zf;l b; = 1. Given r > 0, let € := r§. Then for any p € B,
we have p = rz for some z € Bs, so p = ZLI (rb;)x; with some b; € [0, 1]. The proof is fin-
ished. [ |

Proof of proposition 4.4. Letc¢; >0 (G =1,...,k) be as in lemma A.1. Consider the
system of linear equations

1+a ann aik 0, C1
as| l+ay ... ax 0> c

A0 = | N
a1 [27%) oo 1t a 0 Ck

with some given a;; € R. The determinant

14+ a; ann S aik
asy I+axn ... ay
detA =
ag| [47%) ... l+ag

is a continuous function of the a;; and equals 1 when they all vanish. Thus, there is o > 0 such
that max;; \a,j| < rp implies det A > 0. Similarly,

1+a, ... ayg-1 €1 aig+) - ak
asy cee -1y €2 A241) - (2533
detM; =
ag ceeOg-1) Ck o Gk(I41) - 14 aw

depends continuously on the a;; and equals ¢; > 0 when they all vanish. Thus, there is r; > 0
such that max;; |a;;| < i implies max; det M; > 0.

Let r := min{rg, 7}, and let € > 0 be as in lemma A.2. Let y; € B(x;) be arbitrary and
denote p; := y; — x;. Then lemma A.2 shows that each p; can be written as

k
pPj = E a,-jxi, with |(l,]| g r.
i=1

Finally, foreach j =1,...,k let
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det M;
0; = J ,
! det A -
so that © = (6,. .., 0;) is the (unique) solution of the above system (by Cramer’s rule). Then

k k
> 0y = 0i(xi+p)
=1 j=1
' Jk k k
= Zf)jxj —+ ZﬂjZa,-jxi
Jj=1 Jj=1 i=1
lk lk k
= Z 0,'xl‘ + Z [Z aijﬁjxi}
i=1

=1 j=I

k k
= Z |:9, + Z a,-ﬂj} Xi
i=1 j=1
. J
= Z CiXj = 0.
i=1

Normalizing now yields the desired convex combination

and the proof is finished. [ |

References

[1] Aronson D G and Weinberger H F 1978 Multidimensional nonlinear diffusion arising in population
genetics Adv. Math. 30 33-76

[2] Berestycki H and Hamel F 2007 Generalized travelling waves for reaction—diffusion equations
Perspectives in Nonlinear Partial Differential Equations (Contemporary Mathematics vol 446)
ed H Berestycki, M Bertsch, F E Browder, L Nirenberg, L. A Peletier and L. Véron (Providence,
RI: American Mathematical Society) pp 101-23

[3] Berestycki H and Hamel F 2012 Generalized transition waves and their properties Commun. Pure
Appl. Math. 65 592-648

[4] Cheney W and Kincaid D 1996 Numerical Analysis: Mathematics of Scientific Computing 2nd edn
(Grove, CA: Brooks Cole)

[5] Ding W, Hamel F and Zhao X-Q 2015 Transition fronts for periodic bistable reaction—diffusion
equations Calc. Var. PDE 54 2517-51

[6] Fisher R A 1937 The advance of advantageous genes Ann. Eugenics 7 335-61

[7] Gustin W 1947 On the interior of the convex hull of a Euclidean set Bull. Am. Math. Soc. 53 299-301

[8] Hamel F 2016 Bistable transition fronts in RV Adv. Math. 289 279-344

[9] Hamel F and Nadirashvili N 1999 Entire solutions of the KPP equation Commun. Pure Appl. Math.
52 1255-76

[10] Hamel F and Nadirashvili N 2001 Travelling fronts and entire solutions of the Fisher—KPP

equation in RN Arch. Ration. Mech. Anal. 157 91-163

940


https://doi.org/10.1016/0001-8708(78)90130-5
https://doi.org/10.1016/0001-8708(78)90130-5
https://doi.org/10.1016/0001-8708(78)90130-5
https://doi.org/10.1090/conm/446
https://doi.org/10.1090/conm/446
https://doi.org/10.1002/cpa.21389
https://doi.org/10.1002/cpa.21389
https://doi.org/10.1002/cpa.21389
https://doi.org/10.1007/s00526-015-0874-6
https://doi.org/10.1007/s00526-015-0874-6
https://doi.org/10.1007/s00526-015-0874-6
https://doi.org/10.1111/j.1469-1809.1937.tb02153.x
https://doi.org/10.1111/j.1469-1809.1937.tb02153.x
https://doi.org/10.1111/j.1469-1809.1937.tb02153.x
https://doi.org/10.1090/S0002-9904-1947-08787-5
https://doi.org/10.1090/S0002-9904-1947-08787-5
https://doi.org/10.1090/S0002-9904-1947-08787-5
https://doi.org/10.1016/j.aim.2015.11.033
https://doi.org/10.1016/j.aim.2015.11.033
https://doi.org/10.1016/j.aim.2015.11.033
https://doi.org/10.1002/(SICI)1097-0312(199910)52:10<1255::AID-CPA4>3.0.CO;2-W
https://doi.org/10.1002/(SICI)1097-0312(199910)52:10<1255::AID-CPA4>3.0.CO;2-W
https://doi.org/10.1002/(SICI)1097-0312(199910)52:10<1255::AID-CPA4>3.0.CO;2-W
https://doi.org/10.1007/PL00004238
https://doi.org/10.1007/PL00004238
https://doi.org/10.1007/PL00004238

Nonlinearity 32 (2019) 927 A Alwan et al

[11] Hamel F and Rossi L 2015 Admissible speeds of transition fronts for non-autonomous monostable
equations SIAM J. Math. Anal. 47 3342-92

[12] Hamel F and Rossi L 2016 Transition fronts for the Fisher—KPP equation Trans. Am. Math. Soc.
368 8675-713 )

[13] Kolmogorov A N, Petrovskii I G and Piskunov N S 1937 Etude de 1’équation de la diffusion avec
croissance de la quantité de matiere et son application a un probléme biologique Bull. Mosk.
Gos. Univ. Mat. Mekh. 1 1-25

[14] Lim T and Zlato§ A 2016 Transition fronts for inhomogeneous Fisher—KPP reactions and nonlocal
diffusion Trans. Am. Math. Soc. 368 8615-31

[15] Matano H private communication

[16] Mellet A, Nolen J, Roquejoftre J-M and Ryzhik L 2009 Stability of generalized transition fronts
Commun. PDE 34 521-52

[17] Mellet A, Roquejoffre J-M and Sire Y 2010 Generalized fronts for one-dimensional reaction—
diffusion equations Discrete Contin. Dyn. Syst. 26 303—12

[18] Nadin G 2015 Critical travelling waves for general heterogeneous one dimensional reaction—
diffusion equation Ann. Inst. Henri Poincaré 34 841-73

[19] Nolen J, Roquejoffre J-M, Ryzhik L and Zlatos A 2012 Existence and non-existence of Fisher—
KPP transition fronts Arch. Ration. Mech. Anal. 203 217-46

[20] Nolen J and Ryzhik L 2009 Traveling waves in a one-dimensional heterogeneous medium Ann.
Inst. Henri Poincaré 26 1021-47

[21] Shen W 2004 Traveling waves in diffusive random media J. Dyn. Differ. Equ. 16 1011-60

[22] Shen W 2006 Traveling waves in time dependent bistable equations Differ. Integral Equ. 19 241-78
(https://projecteuclid.org/euclid.die/1356050513)

[23] Shen W and Shen Z 2017 Transition fronts in time heterogeneous and random media of ignition
type J. Differ. Equ. 262 454-85

[24] Shen W and Shen Z 2017 Stability, uniqueness and recurrence of generalized traveling waves in
time heterogeneous media of ignition type Trans. Am. Math. Soc. 369 2573-613

[25] Tao T, Zhu B and Zlato§ A 2014 Transition fronts for inhomogeneous monostable reaction—
diffusion equations via linearization at zero Nonlinearity 27 2409-16

[26] Vakulenko S and Volpert V 2001 Generalized travelling waves for perturbed monotone reaction—
diffusion systems Nonlinear Anal. 46 757-76

[27] Zlato§s A 2012 Transition fronts in inhomogeneous Fisher—-KPP reaction—diffusion equations
J. Math. Pures Appl. 98 89—-102

[28] Zlatos A 2013 Generalized traveling waves in disordered media: existence, uniqueness, and
stability Arch. Ration. Mech. Anal. 208 447-80

[29] Zlato§ A 2017 Existence and non-existence of transition fronts for bistable and ignition reactions
Ann. Inst. Henri Poincaré 34 1687-705

[30] Zlato§ A 2017 Propagations of reactions of inhomogeneous media Commun. Pure Appl. Math.
70 884-949

941


https://doi.org/10.1137/140995519
https://doi.org/10.1137/140995519
https://doi.org/10.1137/140995519
https://doi.org/10.1090/tran/6609
https://doi.org/10.1090/tran/6609
https://doi.org/10.1090/tran/6609
https://doi.org/10.1090/tran/6602
https://doi.org/10.1090/tran/6602
https://doi.org/10.1090/tran/6602
https://doi.org/10.1080/03605300902768677
https://doi.org/10.1080/03605300902768677
https://doi.org/10.1080/03605300902768677
https://doi.org/10.3934/dcds.2010.26.303
https://doi.org/10.3934/dcds.2010.26.303
https://doi.org/10.3934/dcds.2010.26.303
https://doi.org/10.1016/j.anihpc.2014.03.007
https://doi.org/10.1016/j.anihpc.2014.03.007
https://doi.org/10.1016/j.anihpc.2014.03.007
https://doi.org/10.1007/s00205-011-0449-4
https://doi.org/10.1007/s00205-011-0449-4
https://doi.org/10.1007/s00205-011-0449-4
https://doi.org/10.1016/j.anihpc.2009.02.003
https://doi.org/10.1016/j.anihpc.2009.02.003
https://doi.org/10.1016/j.anihpc.2009.02.003
https://doi.org/10.1007/s10884-004-7832-x
https://doi.org/10.1007/s10884-004-7832-x
https://doi.org/10.1007/s10884-004-7832-x
https://projecteuclid.org/euclid.die/1356050513
https://doi.org/10.1016/j.jde.2016.09.030
https://doi.org/10.1016/j.jde.2016.09.030
https://doi.org/10.1016/j.jde.2016.09.030
https://doi.org/10.1090/tran/6726
https://doi.org/10.1090/tran/6726
https://doi.org/10.1090/tran/6726
https://doi.org/10.1088/0951-7715/27/9/2409
https://doi.org/10.1088/0951-7715/27/9/2409
https://doi.org/10.1088/0951-7715/27/9/2409
https://doi.org/10.1016/S0362-546X(00)00130-9
https://doi.org/10.1016/S0362-546X(00)00130-9
https://doi.org/10.1016/S0362-546X(00)00130-9
https://doi.org/10.1016/j.matpur.2011.11.007
https://doi.org/10.1016/j.matpur.2011.11.007
https://doi.org/10.1016/j.matpur.2011.11.007
https://doi.org/10.1007/s00205-012-0600-x
https://doi.org/10.1007/s00205-012-0600-x
https://doi.org/10.1007/s00205-012-0600-x
https://doi.org/10.1016/j.anihpc.2016.11.004
https://doi.org/10.1016/j.anihpc.2016.11.004
https://doi.org/10.1016/j.anihpc.2016.11.004
https://doi.org/10.1002/cpa.21653
https://doi.org/10.1002/cpa.21653
https://doi.org/10.1002/cpa.21653

	﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿Multidimensional transition fronts 
for Fisher﻿–﻿KPP reactions﻿﻿﻿﻿
	﻿﻿Abstract
	﻿﻿1. ﻿﻿﻿Introduction
	﻿﻿2. ﻿﻿﻿Proof of theorem ﻿1.3﻿(i)
	﻿﻿3. ﻿﻿﻿Proof of theorem ﻿1.3﻿(ii)
	﻿﻿4. ﻿﻿﻿Proof of theorem ﻿1.3﻿(iii)
	﻿﻿4.1. ﻿﻿﻿Proof that ﻿﻿ is not a transition front
	﻿﻿4.2. ﻿﻿﻿Proof that ﻿﻿ is a transition solution with bounded width

	﻿﻿﻿Acknowledgments
	﻿﻿Appendix
	﻿﻿﻿References﻿﻿﻿﻿


